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728. 


A THEOREM IN ELLIPTIC FUNCTIONS. 


[From the Proceedings of the London Mathematical Society, vol. x. (1879), pp. 43—48. 
Read January 8, 1879.] 


THE theorem is as follows: 


If u+v+r+s=0, then 
r 1 k” 
—k"mumvsmrsna+onucnvenren s- z dn udnydnrdns =- z. 
It is easy to see that, if a linear relation exists between the three products, then 
it must be this relation: for the relation must be satisfied on writing therein 
v=—u, s=—r, and the only linear relation connecting sn?wsn?r, cn? ucn?r, dn? udn?r 
is the relation in question 
ESIE EEEE AN  e 
ke ke 
A demonstration of the theorem was recently communicated to me by Mr Glaisher ; 
and this led me to the somewhat more general theorem 


— k” sn (a + £) sn (a— 8) sn (y + 8) sn (y — 8) 
+ cn(a+ £)cn (a— 8) cn (y+ 8) cn (y -— 8) 
— F dn (a +A) dn (a — 8) dn (y + &)dn (y — 8) 


DURP 2k’? (sn? a — sn? y) (sn? 8 — sn? 8) 


k 1—k*sn*asn* f .1 -— ke sn? y sn? ô’ 
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In fact, writing herein a+y=0, that is, y=—a, the right-hand side becomes =0; 
and the arcs on the left-hand side are a+8, a— 8, —a+6, —a— ò, which represent 
any four arcs the sum of which is =0. 


Writing in the last-mentioned equation æ, y, z, w for the sn’s of a, B, y, è 
respectively, also 


P=2#-y', P, = 2 —w’, 
Q=1-#2-¥ 4 kay’, Q =1-2- w+ kew, 
R=1 — kæ- ky + ary’, Rh, =1-—h2— kuw + Pew’, 
D=1 — kry, D, = 1 — keur, 


the equation is 


Spa PP, +2 th RR, _ _k? ite 2h’? (a? — 2?) (y? pid i 
DD, * DD, ~ ie PPA k? DD, 


that is, 


a DD, + 2k? (a? — 2) (y? — w) =0. 


—k®PP, + QQ- ARBA 


It is easy to verify that the terms of the orders 0, 1, 2, 3 and 4 in æ, y, 2, w 
separately destroy each other; for instance, for the terms of the order 2, we have 


= pa (æ yes y?) (2 = w?) 4. (æ 4 y?) (2? = w?) +k (ay? i zw?) 
= 4 {ke (a? + y?) (2+ w?) + k (y+ 2°w*)} 


+E {OW (aby? + ue) + (a 2) (y*— wt) =0, 
that is, 
=k (@ =) (E-W) A-E) + YP) +a) 


+ 1 K) (aby? Hew) + 28 (a? — 2) (yf = w!) = 0; 
or, omitting the factor k”, this is 
— (a — y) (2 — wP) + (8 + y?) (2+ wt) — 2 (wey? + Pw) + 2 — 2) (y? w) = 0, 
as it should be. 


The theorem in its original form was obtained by me as follows: using the elliptic 
coordinates p, g, 7, such that 


xe yY? OT ae 
atptb+ptct+p 
Pirni -pen 
a+q b+q c+q 
æ PE Maire 2 
a+r b+r c4+r 


? 


= ’ 
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or, what is the same thing, 
— By =a+p.atq.atr, 
— yay? =b +p.b+q.b +r, 
— aß? =c +p.c+q.c +r, 


where a, 8, y denote b—c, c—a, a—b respectively; then, treating r as a constant, 
the coordinates æ, y, z will belong to a point on the ellipsoid 

ANE ee a 

a+r. b+r c+r ” 


and the differential equation of the right lines upon this surface is 


EES ATAA et. A 
Vat+p.b+p.ctp Va+q.b+q.c+q 


Take a, Yo Z the coordinates of a point on the surface, and P», qo the corresponding 
values of p, q, so that 


— Bye =a + py. d+G.a+7, 
— yay? =b+p,.b+q.b +7, 
— 4822 =C + p.C +Q. +7, 
then the equation of the tangent plane at the point (£o, yo, 2) is 


BB E TE. EY 
a+r b+r cr ”’ 


or, substituting for æ’, æ, &c., their values, we have 


_ Byss 
a 


a =NVa+p.a+q.a+p.4+ 4, &e., 


and consequently the equation of the tangent plane is ` 
avatp.a+q.a+p.4+q+BVb+p.b+q.b+p.b+q% 
+yVot+p.ctq.ctpy.c+q=— aBy, 


the equation of a plane intersecting the ellipsoid in a pair of lines; hence this 
equation (containing in appearance the two arbitrary constants p, and q) is the integral 
of the proposed differential equation. 


Writing . 
sntu=A(at+p), cntu=B(b+p), dn?u=C(c+p), 
the values of A, B, C, k are determined; and, assuming for q, ~, qo the like forms 


with the arguments v, w, %, the differential equation becomes du= dv, having the 
10—2 
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integral wu-—u,=v—%; while the foregoing integral equation, on reducing the constant 
coefficients contained therein, takes the form 


— k sn usn v sn uy $n w 
+ cnwenvcn w cn vy 
1 


ja dn u dn vdn Uy AN Vy 


viz. this equation holds good if w-u,=v—v. And by a change of signs we have 
the theorem, 


If, as above, u+tvu+r+s=0, the theorem gives a linear relation between the 
three products snwsnvsnrsns, cnuenvenrens, dnudnvdnrdns, and regarding at 
pleasure the sn’s, the cns, or the dn’s as rational, one of these products will be 
rational while the other two will be each of them a quadric radical; and hence, 
rationalising, we obtain an equation which contains the product in question linearly, 
and contains besides only the squares of the sn’s, cn’s, or dn’s; that is, we have 
three such equations containing the three products respectively. Bringing to one side 
the terms which contain the product, and again squaring, we obtain an equation 
involving only the squares of the sn’s, cn’s, or dn’s; but the three equations thus 
obtained represent, it is clear, one and the same rational equation, which may be 
expressed as an equation between the squares of the sn’s, or of the cn’s, or of the 
dn’s, at pleasure, This equation may be obtained, as I will show, from the ordinary 
addition-equations of the elliptic functions, but it is not obvious how to obtain from 
them the three equations involving the products respectively, and these last have the 
advantage of being of a degree which is the haif of the equation which involves 
only the squared functions. 


Write æ, y, z, w for sn u, suv, snr, sns respectively; then, writing 


A=aVl-y.1—-Ry, a=2V1—w',1—Fw*, 
A’=yV1l-@.1-Re@, a =wV1—2.1—-F2, 


P=e#-y, T =2 — U, 
D =1— Fay’, ò = 1 — Kew, 
we have 
sn (u +v) = -sn (r +8), 
that is, 
ATAT P GA a 
DD!) A=2- ¢ Gop ae 


and consequently 


Da =-(a—a@)(A+A’, 
Pò =-(a+a)(A-A’); 


De — P=2(Aa’ — A'a), 


whence 
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that is, (2 — w’) (1 — kay?) — (aè — y*) (1 — tw") 
=2 {aw V1 =y. 1- ky. 1—2. 1k? — ye V1 — 2.1 ea. 1 w. ku). 
Rationalising, we obtain, as mentioned above, an equation containing only the squares 
a, y*, 2, w*; it therefore is of a degree twice that of the equation containing 
the product æyzw. I worked out in this way the equation in (a°, y’*, 2, w°), but the 
calculation was lost, and the easier way of obtaining it is obviously by means of the 
equation involving xyzw. 
We have, by the theorem, 
— k” xyzw 
+V1—-#2.1-y¥.1-2.1-w 
1 a AON a EE VR, Nees r E E E FS k” 
— BV1— ka. l- ky l- kee. 1 kw = -— ia? 
that is, A or ee 
k (1 — kæyzw) = k V1-2.1—-y?.1-2.1-—w 
—V1— ka 1 — k'y? . 1 — %2. 1 kut; 
and then, writing 
PH=Hi+yt+2+w', 
Q = ay? + a2? + atw + ya? + yw? + 20", 
R= ay? + oyw + arw + yew, 
S =aty%zw’, 
and using yS to denote the rational function æyzw, we have 
k“ (1 — 24 yS + k8) 
=h(1-P+Q-R+S8) 
+1 — P + HQ- ER + eS 
-2N (1 -P +Q- R+ 8) -EP + EQ- IER +8); 
or, if for a moment the radical is called yA, then the factor k* divides out, and 
the equation becomes 
2 /A=2-(1+F)P+2khQ- (ke + kt) R + QksS + 2k" 4/8, 


4(1—-P+Q-R+S8)1—-FP+hQ—-HR + kS) 
— (2 — (1 + #) P+ 2hQ — (I + kt) R + 2KS} — 4k" S 
= — 2/8 {2 — (1 +7) P + 2Q — (k + k) R + 248}. 


The factor k divides out; omitting it, we have 
pái P— 4 (1 + k) R+ 16S + 2PR— 4 (kè + kt) PS — kR + 4S 
= — 2 y8 {2 — (1+ k) P+2hQ- (k? + k*) R + 2S}, 


whence 


or, as this may also be written, 
{((—- P?+4Q —- —4R) + k (—4B + 2PR + 168— 4PS) + k (— R? + 4QS — PS)} 
=—2/S{2—P+k(—P+2Q-—R)+k(—R+ 28)}, 


which is the required rational equation involving the product of the sn’s, 
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